
On square integrable solutions and principal solutions for linear
Hamiltonian systems

In the study of qualitative properties of linear differential, difference, and dy-
namic equations or systems we can identify, among others, two substantial direc-
tions: the oscillation theory and the spectral theory. In the first one, roughly speak-
ing, the numbers of (generalized) zeros of real-valued solutions are investigated and
a crucial role is played by the principal solution, which existence is equivalent to the
nonoscillatory behavior of the equation. In the second one, associated operators are
investigated and a crucial role is played by square integrable/summable complex-
valued solutions, which numbers correspond to the deficiency indices. Especially,
the square integrability/summability of the Weyl solution yields a lower bound for
these numbers. In this talk, we show that there exists a close connection between
the Weyl solution and the principal solution of the linear Hamiltonian differential
systems

z′(t, λ) = [H(t) + λJ W(t)] z(t, λ), J :=

(
0 I
−I 0

)
, (Hλ)

where t ∈ [a,∞), λ ∈ C is a spectral parameter, and H(t) and W(t) are piecewise
continuous even order matrix-valued functions such that JH(t) +H∗(t)J = 0 and
W(t) = W∗(t) ≥ 0 for all t ∈ [a,∞); compare with [1, Theorems 2.13 and 3.11]
for the second order Sturm–Liouville differential equations. In particular, we will
see that the property of “being the Weyl solution for λ ∈ R” is more general that
the property of “being the minimal principal solution at infinity”. Furthermore, we
present also another results in the Weyl–Titchmarsh theory for system (Hλ), which
were derived by using principal solutions.

The talk is based on the joint research with R. Šimon Hilscher, see [2].
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